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HARMONIC UNIVALENT FUNCTIONS WITH VARYING ARGUMENTS
DEFINED BY USING SALAGEAN INTEGRAL OPERATOR

R.M. EL-ASHWAH!, M.K. AOUF?, A.A.M. HASSAN? A H. HASSAN?

ABSTRACT. In this paper we define and investigate a new class of harmonic functions defined
by using Salagean integral operator with varying arguments. We obtain coefficient inequalities,
extreme points and distortion bounds.
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1. INTRODUCTION

A continuous complex-valued function f = w + ‘v which is defined in a simply-connected
complex domain D is said to be harmonic in D if both u and v are real harmonic in D. In any
simply-connected domain we can write

f=h+7, (1)
where h and g are analytic in D. We call h the analytic part and ¢ the co-analytic part of f. A
necessary and sufficient condition for f to be locally univalent and sense-preserving in D is that
B ()] > 1g'(2)], = € D (see [3]).
Denote by Sg the class of functions f of the form (1) that are harmonic univalent and sense-
preserving in the unit disc U = {z € C : |z| < 1} for which f(0) = 2(0) = f.(0) — 1 = 0. Then
for f = h+ g € Sy we may express the analytic functions h and g as

h(z) =z + Zakzk, g(z) = Zbkz’“, b1] < 1. (2)
k=2 k=1

In 1984 Clunie and Shell-Small [3] investigated the class Sy as well as its geometric subclasses
and obtained some coefficient bounds. Since then, there have been several related papers on Sy
and its subclasses.

Salagean integral operator I"™ is defined as follows (see [8])

() 1°FCG) = G
() I'f(2) = 15() = [ F(0)

(iii) I"f(2) = I(I""1f(2)) (n e N={1,2,3,...}).
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In [4], Cotirla defined Salagean integral operator for harmonic univalent functions f(z) such
that h(z) and g(z) are given by (2) as follows

I"f(z) = I"h(2) + (=1)"I"g(2), 3)

where
I"h(z —z+Zk agz® and I"g( Zk 2k

With the help of the modified Salagean integral operator we let Erx(m,n;~,p) be the family of
harmonic functions f = h + g, which satisfy the following condition [6]

Re {(1 + pe'®) }T:l“;(é)) — pem} >y (4)

(aeR0<y<1,p>0,meN,neNy=NU{0},m >n, and z € U),
where I" f is defined by (3), we note that
(i) Taking a« =0, Eg (n +1,n;28 —1,1) = H (n,3) (0 < § < 1) (see Cotirla [4]).
(ii) Taking m =n+q, Eg (n+q,n;7v,p) = Hpq (n,7) (¢ € N) (see Guney and Sakar [5]).

Also we note that, by the special choices of «, v, p, m and n, we obtain the following special
cases

(i) Taking a = 0, then Ex(m,n,26 —1,1) = H (m,n;3) = {f € Sy :

I"f(z) _ ' _ _ .
Re{lmf(z)}>ﬁ(0§ﬁ<17m€N7n€N0,m>TL,Z€U)},

IfE)
I"Hif(z)

—pe’ } (a€R0<fy<1p>0n€N0,z€U)}

() Buln-+ 1.037.) = B (n57.0) = { £ € S e { (14 pe')

(iii) Ex(1,0;7,0) = En (V’p):{fGSH:Re{(Hpem)Iff((zz))_ eia}ZV

(aeR;0§7<1;pZO;z€U)}.

Also we define the subclass Vi(m,n;~,p) consists of harmonic functions f, = h + g, in
Er(m,n;~,p) such that h and g, are the form

=z+ Z arz®, gn(z Z br.z* (5)

and there exists a real number ¢ such that, mod 27,
arg(ag) + (k—1)p=m, k> 2 and arg(by) + (k+ 1o =(n—1)m, k> 1. (6)

Also we note that, by the special choices of «, v, m and n, we obtain:
i)Taking o = 0, Vg (n+1,n;26 — 1,1) = Vz (n, §) ;
ii) Taking a = 0, Viz(m,n,28 —1,1) = V7 (m, n; 3) ;
111) (TL +1,n;57, Vﬁ (n; s p) )

(
(
( p) =

(iv) V1,057, p) = V47 (7, p).-
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2. MAIN RESULTS

Unless otherwise mentioned, we assume in the reminder of this paper that, a € R, 0 < v < 1,
p>0, meN, neNy,m>nand z € U We begin with a sufficient coefficient condition for
functions in the class Eg(m,n;~y, p).

Theorem 2.1. Let f = h+ g be such that h and g are given by (2). Furthermore,

1—v 1—v

Z [(1+p)k7"—(7+p)k7"” lax| + (4pk™ "= (=)™ " (y+p)k~™ o] | < 2, (7)
k=1
where a1 = 1. Then f € Eg(m,n;~,p).

Proof. We need to show that if (7) holds then the condition (4) is satisfied, then we want to
prove that

(1+ pe'@) I f(z) — pe'*I™ f(z) A(z)
Re = Re > 7. 8
{ e B = ®)
Using the fact that Re {w} > ~ if and only if |1 — v + w| > |1 + v — w]|, it suffices to show that
[A(2) + (1 = 7)B(2)] = [A(2) = (1 +7)B(2)| = 0, (9)

where A(z) = (1 + pe'®) I" f(z) — pe’*I™ f(z) and B(z) = I"™f(z). Substituting for A(z) and
B(z) in the left side of (9) we obtain

| (1hpei®) I f(2) = pe I f(2) 4+ (1=7) I f(2)| -

—|(rpe®) 15 (2) = peto () — (1) f(2)| =

(2—7) z+ [(1+ pe )k (1—y — peia) k™)) ap 2"+

WE

2

+ (_1)71 [(1 + peia)kfn_(_l)mfn (peia +y— 1) kfm] %

(e -

i

1

k

oo
><bk7‘ —|yz— Z 1 + pe'® — (l—i-’y + peio‘) k_m} apz”—
k=2

TL

—|—pe n_(_l)m—n (1_'_,7_1_1061'05) k,—m] bk? >

Mg

k:l
00

N2l =2 [+ p)k™™ = (v + p)k™™] a2 —

Y

e}

=23 [+ o)k = (1) (y + p)k "] i 2

e -

2
—Z (L+ p)k (11_>7 " (ot )k ,kaZVc_l}

By using (7), then the last expression is non-negative, then (9) is satisfied.
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The harmonic function

o0
1—y k
o Z+Z (1+p)k 7+p)k m k2 +Z (14-p)k—n—(=1)"" "('y+p)k—mykz ’ (10)
k=1
where Z || + Z lyr| = 1, shows that the coefficient bound given by (7) is sharp. O

k=1
In the following theorem, it is shown that the condition (7) is also necessary for function

fn=h+ gn , where h and g, are of the form (5).

Theorem 2.2. Let f, = h+ g,, where h and g, are given by (5). Then f, € Vi(m,n;v,p), if
and only if the coefficient condition (7) holds.

Proof. Since Vz(m,n;vy,p) € Eg(m,n;v,p), we only need to prove the “only if” part of the
theorem. For functions f, = h + g, where h and g, are given by (5), the inequality (4) with
f = fn is equivalent to

, S 00 _
(14 pe') [z + 3 k™ "agz® + (=1)" Y k702"

k=2 k=1
Re = = —
Z+ Z k=mapz" + (—1)m Z k—mbkzk
k=2 k=1

(v + pei)[z + 3 kT map2? + (1) Y kTmbE]

—Re — k=2 =~ kzli > 0.
Z+ Z k_makzk + (_1)m Z k_mbkﬁk
k=2 k=1

The above condition holds for all values of @ € R and z € U. Upon choosing ¢ according (6)
and substituting & = 0 and z = re’®(0 < r < 1), we must have

E
1 | £ ko = et oy o

k=2

> 0, (11)
where

k=2

Ez(l—v)—<2[(l+p)k‘ —(v+p) k- ]Iakl) -

- <Z (L4 p)k™" = (=1)" " (y+ p) K] |ka> rkt
k=1

If the inequality (7) does not hold, then E is negative for r sufficiently close to 1. Thus there
exists zop = 7o in (0, 1) for which the quotient in (11) is negative. But this is a contradiction, the
proof of Theorem 2 is completed. O

We now obtain the distortion bounds for functions in Vi (m,n;~, p).

Theorem 2.3. Let f, = h+ g, where h and g, are given by (5) and f, € Viz(m,n;v,p). Then
for |z| =7 < 1, we have

1— 1+p)=(=1)"""(y+p)
a2 < A+ 1) 7 + [t — st bl 72 (12)

and

1— 1+ 1)™m=n (y+
Fal 2 U )7 = |t — ety ] 7 (13)
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Proof. We prove the first inequality.
Let f, € V(m,n;~,p), we have

@) < W ba) D (aw] + 10e]) 75 < (L4 [ba]) 7+ D (k] + [bw]) <

k=2 k=2

1 2—" 2-

< (I |bi) r+ et Z (U2 ZmOR22 T (Jay] + [be]) 72 <
1—

S <1 + ’bl‘)’r + (1+p)27’n_8},+p)277n X

[e.e]
XZ [(Hp)k 11(J+p)k lag] + (L+p)k —(—1127 (y+p)k Ibkl]

1- (+p)— (=)™ "(v+

< (+onf)r+ (1+p)2*"—(77+p)2*’” L= = — e b1 @
1—y (Ltp)— (=)™~ "“/er

< Qi+ [y — g ]

The proof of the second inequality is similar, thus it is left. O

The bounds given in Theorem 3 for functions f, = h + g,, such that h and g, are given by (6)
also hold for functions f = h + g such that h and g are given by (2) if the coefficient condition
(7) is satisfied.

Using the same technique used earlier by Aghalary [1] we introduce the extreme points of the
class Vz(m, n; v, p).

Theorem 2.4. The closed convex hull of the class Vg(m,n; v, p) (denoted by clcoVi(m,n;vy,p))
18

{f(z) =z+ Zakzk + Zbkzk € Ey(m,n;v,p) :

k=2 k=1
k— ki (—1)""
Z [(Hp) 17(J+p lag| + (1+p) ( 11)7 "(y+p)k |bk|] < 2}
k=1
— — 1— — 1—y
where a1=1. Set Ak—(l-s—p)k—”—(y-s—p)k—m and Mk—(1+p)kz—"—(—1)m‘"(y+p)kz—m'
For by fized, |b1| §(1+p)7(711_)7n_n(7+p), the extreme points of the class Vg(m,n;vy, p) are
{z—i—)\kxzk—l—bTZ} U {z—i—ukxzk —i—blz}, (14)

where k > 2 and |z|=1— (1+P)—(—11_):/"*"(7+p).

Proof. Any function f € Viz(m,n;7, p) may be expressed as

o0 [e.9]
f(z)=z+ Z lag| P 2% + b1z + Z |bg,| €79k 2%,
k=2 k=2

where the coefficients satisfy the inequality (7). Set
hi(2)=2, g1(2)=b1z, hp(2)=z2+MeP* 2, gp(2)=b12+ppe® 2% k=23, ... .

o0 (oo}
Writing X, = ‘ii' Y, = “’k' L k=23,..and X; =1— Y X;, V1 =1— 3 Y, we have
k=2 k=2

i (thk + Ykgk(z)> :

k=1
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In particular, setting fi(z) = z + b1z and fi(2) = 2z + \px2® + b1z + upy2*,
A+p) - (=D""(v+p)
- ’bﬂ )

l—n
we see that extreme points of the class Vo7(m, n; v, p) are contained in {fi(2)}. To see that fi(z)
is not an extreme point, note that fi(z) may be written as

filz) = % {fl(z> A <1 L G VR O L |b1) 22} .

(kzz,|xr+|y\=1

L -7~

+% {fl(z) ) <1 (4 pk - (—1)”;_” (v +p) k™ |b1|> 22}7

1—

a convex linear combination of functions in the class Vz(m,n;v, p). Next we will show if both
|z| # 0 and |y| # 0, then fi is not an extreme point.
Without loss of generality, assume |z| > |y|. Choose € > 0 small enough so that € < % Set

A=14+¢ecand B=1—-|<

, we then see that both

t1(2) = 2 + \gzAZX + b1z + ppy B2k

and

ta(2) = 2+ Mx (2— A) 2" + b1z + ppy (2 — B) 2P,
are in the class Vz(m,n;7, p) and note that
1
fi(z) = 3 (t1(2) +t2(2)) -

The extremal coefficient bounds shows that functions of the form (14) are the extreme points
for the class Vz(m, n;~, p), then the proof of Theorem 4 is completed. O

Now we will examine the closure properties of the class V(m,n;v, p) under the generalized
Bernardi-Libera-Livingston integral operator (see [2, 7]) L.(f) which is defined by

Le(f (2) = S / L () dt (e > —1). (15)

z¢
0

Theorem 2.5. Let f, = h + g, € Vg(m,n;v,p), where h and g, are given by (5). Then
L.(fn(2)) belongs to the class Vg(m,n;vy,p).

Proof. From the representation of L.(f,(z)), it follows that

Le(fu(z) = <1 / 17 (B () + g () dt =

2C
0

- C+1/tc 1{t+2akt +Zbktk}dt
= z-i—ZAkzk—l—ZBkzk,

where Ay = C*,};ak, By, = CH bk Therefore, we have,

o0

3 [(1+p>k”—<w+p)km CH L ]+ ) e € |bk:|] <

1—y 1—v
P c+k c+k
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e e}
I L e R s = | )
k=1

and the proof of Theorem 5 is completed.
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